Perfect state transfer in two dimensions and the bivariate dual-Hahn
  polynomials by Miki, Hiroshi et al.
ar
X
iv
:2
00
9.
06
19
5v
1 
 [m
ath
-p
h]
  1
4 S
ep
 20
20
Perfect state transfer in two dimensions and the
bivariate dual-Hahn polynomials
Hiroshi Miki
Meteorological College, Asahi-Cho, Kashiwa 277 0852, Japan
Satoshi Tsujimoto
Department of Applied Mathematics and Physics, Graduate School of Informatics, Kyoto
University, Sakyo-Ku, Kyoto 606 8501, Japan
Luc Vinet
Centre de recherches mathe´matiques, Universite´ de Montre´al, PO Box 6128, Centre-ville
Station, Montre´al (Que´bec), H3C 3J7, Canada
Abstract
A new solvable two-dimensional spin lattice model defined on a regular grid
of triangular shape is proposed. The hopping amplitudes between sites are
related to recurrence coefficients of certain bivariate dual-Hahn polynomials.
For a specific choice of the parameters, perfect state transfer and fractional
revival are shown to take place.
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1. Introduction
Transporting quantum states between two sites is an important task in
quantum information processing [11]. Especially desirable is quantum state
transfer realized with probability 1. This is called perfect state transfer
(PST). Multi-site fractional revival (FR) is also useful for quantum entan-
glement generation [9]. Such protocols can be engineered in spin lattices
[3]. Recall that the single excitation dynamics of 1-dimensional XX spin lat-
tices with nearest-neighbor (inhomogeneous) couplings can be solved using
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orthogonal polynomials (OPs) [20]. It has been shown analytically that PST
can be observed in the model where the corresponding wave functions are
given in terms of Krawtchouk polynomials [6]. Building on this paradigm,
a multi-dimensional extension has been proposed using multivariate Kraw-
tchouk polynomials [13, 14, 15, 16] and in some cases PST and FR were
found to occur simultaneously.
This paper aims to provide an extension of these two-dimensional Kraw-
tchouk spin lattice models. To achieve that goal, we consider the dual-Hahn
polynomials, which are a one-parameter generalization of the Krawtchouk
polynomials. It is known that PST happens in the one-dimensional spin lat-
tice model associated with the dual-Hahn polynomials [4]. With that in mind
we will examine the possibility of using bivariate dual-Hahn polynomials to
produce a two-dimensional model with interesting state transfer properties.
From the standard theory of OPs in several variables [8], it is apparent that
many varieties of bivariate dual-Hahn polynomials are available; we shall
focus on those of Tratnik type guided by the fact that it is that family of
bivariate Krawtchouk polynomials that provided a two-dimensional model
with PST [15].
The paper is organized as follows. We first introduce the dual-Hahn poly-
nomials and their bivariate extension of Tratnik type. We then construct a
two-dimensional spin lattice model using those bivariate dual-Hahn polyno-
mials. We proceed to determine the transition amplitude for an excitation
to move from one site to another in this model. The condition for PST is
thereafter determined. Conclusions will close the report.
2. Bivariate dual Hahn polynomials
In this section, we review the basic properties of the univariate and bi-
variate dual-Hahn polynomials. The univariate dual Hahn polynomials are
defined as follows [12]:
dn(x) = dn(x;α, δ, γ) = (α+1, γ+1)n · 3F2
(−n,−x, x + γ + δ + 1
α + 1, γ + 1
; 1
)
, (1)
with
(a1, a2, . . . , am)n = (a1)n(a2)n . . . (am)n,
(a)n =
{
a(a + 1) . . . (a + n− 1) (n ∈ N)
1 (n = 0)
(2)
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standard Pochhammer symbols. When α + 1 = −N and δ < −N, γ < −N
(or δ > −1, γ > −1), the orthogonality relation of the dual Hahn polynomials
is
N∑
x=0
wx(α, δ, γ)dn(x)dm(x) = hn(α, δ, γ)δmn, (3)
where δmn is the Kronecker delta and
wx(α, δ, γ) =
(γ + δ + 1, γ/2 + δ/2 + 3/2, α+ 1, γ + 1)x
(γ/2 + δ/2 + 1/2, γ + δ − α + 1, δ + 1)xx! (−1)
x,
hn(α, δ, γ)
n!
=
hn
n!
= (α + 1, γ + 1, α− δ + 1)nΓ(γ + δ − α + 1)Γ(δ + 1)
Γ(γ + δ + 2)Γ(δ − α) .
(4)
Being orthogonal and owing to Favard’s theorem, the orthonormal dual-Hahn
polynomials d˜n(x) = h
− 1
2
n dn(x) satisfy the three term recurrence relation
which reads
− x(x+ δ + γ + 1)d˜n(x)
=
√
(n+ 1)(n+ γ + 1)(N − n)(δ +N − n)d˜n+1(x)
− {(n + γ + 1)(N − n) + n(δ +N − n+ 1)}d˜n(x)
+
√
n(n + γ)(N − n + 1)(δ + 1 +N − n)d˜n−1(x).
(5)
The bivariate dual Hahn polynomials of Tratnik type are given as the fol-
lowing product of univariate dual Hahn polynomials [18]:
Dm,n(x, y) =Dm,n
=dm(x; b+ y − 1, a+ y,−y − 1)
· dn(y −m,m+ c+N − 1, m+ b+N,m−N − 1)
(6)
for 0 ≤ x ≤ y ≤ N and 0 ≤ m + n ≤ N . It should be remarked that the
notations are different from the ones in [18] and that the polynomials (6)
coincide with those in [18] if we take a = α1, b = α1 + α2, c = α1 + α2 +
α3. These polynomials can be obtained as a limit of the bivariate Racah
polynomials [10]. Their orthogonality relation is given by
N∑
y=0
y∑
x=0
Dm1,n1(x, y)Dm2,n2(x, y)wx,y = rm1,m2δm1,n1δm2,n2, (7)
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where
wx,y =
(−1)x
x!(y − x)! ·
Γ(b− a+ y − x)Γ(b+ y + x)
Γ(a + 1 + y + x)
· (a, a/2 + 1)x
(a/2)x
,
· (b/2 + 1, c+N,−N)y
(b/2, c− b−N + 1, b+N + 1)y
rm,n =m!n!(−N, c +N)m+nΓ(b− a+m)Γ(c− b+ n)Γ(b+N + 1)
(−1)NabΓ(a)Γ(c− b+N) .
(8)
We see from its expression that the weight function wx,y is positive if
c > 0, a− b > N, b− c > N ; (9)
we shall assume that this holds in what follows. Taking into account that
wy−m(m+ c+N − 1, m+ b+N,m−N − 1)
hn(m+ c+N − 1, m+ b+N,m−N − 1)
=
hm(b+ y − 1, a+ y,−y − 1)wx,y
wx(b+ y − 1, a+ y,−y − 1)rm,n ,
(10)
the orthogonality relation (7) can be verified by applying the orthogonality
relation of the univariate dual-Hahn polynomials twice. From (10), we find
the following relation:
ri,j
ri,l
=
hj(i+ c+N − 1, i+ c +N, i−N − 1)
hl(i+ c+N − 1, i+ c+N, i−N − 1) , (11)
which will prove useful later. The bivariate dual Hahn polynomials possess
the property:
Proposition 1. For 0 ≤ x ≤ y ≤ N , {Dm,n(x, y)}0≤m+n≤N obeys the fol-
lowing recurrence relations:
x(x+ a)Dm,n = Dm+1,n +Dm,n+1
+ {N(N + c)−m(c + b− a− 1)− n(2c− b− 1)
− 2m2 − 2mn− 2n2}Dm,n
+m(a− b+ 1−m)(N + 1−m− n)(c +N +m+ n− 1)Dm−1,n
+ n(b− c+ 1− n)(N + 1−m− n)(c+N +m+ n− 1)Dm,n−1
+m(a− b+ 1−m)Dm−1,n+1 + n(b− c+ 1− n)Dm+1,n−1,
y(y + b)Dm,n = Dm,n+1
+ {N(N + c)− n(2c− b− 1)−m(c− b)− 2mn− 2n2}Dm,n
+ n(b− c+ 1− n)(N + 1−m− n)(c+N +m+ n− 1)Dm,n−1.
(12)
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These relations can be obtained from limits of the recurrence relations
of the bivariate Racah polynomials [10]. Subtracting the above relations
pairwise, we have
(x(x+ a)− y(y + b))Dm,n = Dm+1,n +m(a− 2b+ 1− 2m)Dm,n
+m(a− b+ 1−m)(N + 1−m− n)(c +N +m+ n− 1)Dm−1,n
+m(a− b+ 1−m)Dm−1,n+1 + n(b− c+ 1− n)Dm+1,n−1.
(13)
For the orthonormal polynomials D˜m,n(x, y) = r
− 1
2
m,nDm,n(x, y), the relation
(13) becomes
λx,yD˜m,n(x, y) = Jm+1,nD˜m+1,n + Jm,nD˜m−1,n +Bm,nD˜m,n
+ Lm−1,n+1D˜m−1,n+1 + Lm,nD˜m+1,n−1
(14)
with
λx,y = x(x+ a)− y(y + b),
Jm,n =
√
m(N + 1−m− n)(a− b+ 1−m)(c+N +m+ n+ 1),
Bm,n = m(a− 2b+ 1− 2m),
Lm,n =
√
(m+ 1)n(a− b−m)(b− c+ 1− n).
(15)
3. The spin lattice model
We consider in this section the dynamics of a spin lattice of triangular
shape governed by the following Hamiltonian:
H =
∑
0≤i+j≤N
Xi,j
σxi,jσ
x
i+1,j + σ
y
i,jσ
y
i+1,j
2
+ Yi,j
σxi,jσ
x
i+1,j−1 + σ
y
i,jσ
y
i+1,j−1
2
+ Zi,j
1 + σzi,j
2
.
(16)
The lattice sites are labelled by two integers i, j between 0 and N such that
0 ≤ i+ j ≤ N and σxi,j , σyi,j, σzi,j are Pauli matrices acting on the site labelled
by (i, j). It is not difficult to see that the Hamiltonian (16) is invariant under
rotations about the z axis: [
H,
∑
0≤i+j≤N
σzi,j
]
= 0, (17)
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which implies that it preserves the total number of spins that are up (or
down). Let us denote the 1-excitation basis vectors by |ei,j) = Ei,j with Ei,j
the (N +1)× (N +1) matrix with 1 in the (i, j) entry and zeros everywhere
else. The action of H on the subspace spanned by these 1-excitation basis
vectors is given by
H |ei,j) = Xi+1,j |ei+1,j) +Xi,j |ei−1,j)
+ Yi−1,j+1 |ei−1,j+1) + Yi,j |ei−1,j+1)
+ Zi,j |ei,j) .
(18)
From now on, we shall restrict H to the subspace spanned by {|ei,j)} and
consider the eigenvalue problem:
H |x, y〉 = λx,y |x, y〉 , (19)
where |x, y〉 is the eigenstate of H with eigenvalues λx,y. Consider the ex-
pansion of |x, y〉 over the basis vectors |ei,j):
|x, y〉 =
∑
0≤i+j≤N
Wi,j(x, y) |ei,j) . (20)
From (19), we see that the coefficients Wi,j(x, y) satisfy the contiguous rela-
tions:
λx,yWi,j = Xi+1,jWi+1,j +Xi,jWi,j + Zi,jWi,j
+ Yi−1,j+1Wi−1,j+1 + Yi,jWi+1,j−1.
(21)
While not solvable in general the eigenvalue problem (19) (or the contiguous
relation (21)) can be solved for certain choices of the couplings and Zeeman
terms. One such choice is
Xi,j =
√
i(N + 1− i− j), Yi,j =
√
i(j + 1), Zi,j = 0. (22)
This parametrization comes from the bivariate Krawtchouk polynomials and
remarkably perfect state transfer takes place in this case [14].
Comparing (21) with relation (13), we are led to explore the following
new choice of couplings and magnetic fields.
Proposition 2. Set
Xi,j = Ji,j, Yi,j = Li,j, Zi,j = Bi,j, (23)
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using the coefficients of the recurrence relations of bivariate dual-Hahn poly-
nomials (15). Then the solution to the eigenvalue problems (19) is explicitly
given in terms of bivariate dual-Hahn polynomials:
λx,y = x(x+ a)− y(y + b), Wi,j(x, y) = √wx,yD˜i,j(x, y). (24)
We shall now focus on the 1-excitation dynamics in the spin lattice thus
defined. As a companion to (20), in view of (7), we have the inverse expansion
|ei,j) =
∑
0≤x≤y≤N
Wi,j(x, y) |x, y〉 . (25)
With the help of (20) and (25), the transition amplitude f(i,j),(k,l)(T ) for an
excitation initially at the site (i, j) to be found at the site (k, l) after some
time T is given by
f(i,j),(k,l)(T ) = (ei,j| exp(−iTH)|ek,l)
=
∑
0≤x≤y≤N
Wi,j(x, y)Wk,l(x, y)e
−iTλx,y
=
1√
ri,jrk,l
∑
0≤x≤y≤N
wx,yDi,j(x, y)Dk,l(x, y)e
−iT (x(x+a)−y(y+b)).
(26)
We can calculate this transition amplitude by using the explicit expression
for the bivariate dual-Hahn polynomials. In general, this becomes a sum
of hypergeometric series and cannot be simplified further. However, if we
choose the parameters a, b and the time T so that
e−iTx(x+a) = 1, e−iTy(y+b) = (−1)y, (27)
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the amplitude can be reduced to
f(i,j),(k,l)(T )
=
1√
ri,jrk,l
N∑
y=0
y∑
x=0
wx,y(−1)ydi(x; b+ y − 1, a+ y,−y − 1)
· dj(y − i, i+ c+N − 1, i+ b+N, i−N − 1)
· dk(x; b+ y − 1, a+ y,−y − 1)
· dl(y − k, k + c +N − 1, k + b+N, k −N − 1)
=
ri,jδi,k√
ri,jri,l
N∑
y=i
wy−i(i+ c+N − 1, i+ c +N,−(N − i)− 1)
hj(i+ c+N − 1, i+ c +N, i−N − 1) (−1)
y
· dj(y − i, i+ c+N − 1, i+ b+N, i−N − 1)
· dl(y − i, i+ c+N − 1, i+ b+N, i−N − 1)
= δi,k
N∑
y=i
wy−i(i+ c+N − 1, i+ c+N,−(N − i)− 1)(−1)y
· dj(y − i, i+ c+N − 1, i+ b+N, i−N − 1)√
hj(i+ c+N − 1, i+ c+N, i−N − 1)
· dl(y − i, i+ c+N − 1, i+ b+N, i−N − 1)√
hl(i+ c+N − 1, i+ c +N, i−N − 1)
,
(28)
where we have used (11). It is not difficult to see that the transition amplitude
f(i,k),(i,l)(T ) can be put in correspondance with the one for the 1-dimensional
spin lattice model associated with univariate dual-Hahn polynomials [4, Sec.
4.1]. Therefore, according to the result of the 1-dimensional case, we have in
particular
f(0,0),(0,N)(T ) =
√
(c+N, b+ 1− c−N)N(
b+1
2
)
N
. (29)
Remarkably, if we set
b = 2c+ 2N − 1, (30)
it is easy to see that
|f(0,0),(0,N)| = 1, (31)
which means that perfect state transfer from (0, 0) to (0, N) takes place. As
a consequence, we have.
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Proposition 3. If we take
a =
2p+ 1
2k + 1
, b =
2q
2k + 1
, c =
b
2
−N + 1
2
(k, p, q ∈ N) (32)
and assume (9) satisfied, the relation (27) is verified at T = (2k + 1)pi and
perfect state transfer between (0, 0) and (0, N) occurs. Furthermore, if we
take
a =
p
k
, b =
2q + 1
2k
, c =
b
2
−N + 1
2
(k, p, q ∈ N), (33)
relation (27) is verified at T = 2kpi and perfect state transfer is also observed
between (0, 0) and (0, N).
Corollary 4. Assume (33) and p to be odd, which amounts to
e−i
T
2
x(x+a) = 1, e−i
T
2
y(y+b) 6= (−1)y. (34)
Then fractional revival from (0, 0) to the sites (0, j) takes place at T
2
that is,
at times equal to kpi.
This is illustrated in Fig. 1 and Fig. 2.
As for PST in one-dimension [11], a form of mirror-symmetry is also
observed here. Indeed we find that PST takes place between sites that are
mirror images with respect to a horizontal line passing through the vertical
of the lattice on which they are located. In other words we find that
Corollary 5. With the same assumptions as Proposition 3, we also have
other perfect state transfer situations (with different initial sites) over the
same period of time T :
|f(i,j),(i,N−i−j)(T )| = 1 (0 ≤ i+ j ≤ N). (35)
This is also illustrated in Fig.3.
4. Concluding Remarks
To sum up, we have introduced a new two-dimensional spin lattice model
associated with the bivariate dual-Hahn polynomials. Since these polynomi-
als are a one-parameter generalization of the bivariate Krawtchouk polyno-
mials, the model presented here is an extension of the spin lattice discussed
in [14, 15]. Furthermore, for specific parameters, we have found that perfect
9
state transfer happens in the model. This fact is based on the observation
that some transition amplitudes can be identified with those of the one-
dimensional spin lattice associated with univariate dual-Hahn polynomials.
This suggests that it could be possible to relate formally our two-dimensional
model to the chain based on the univariate dual Hahn polynomials (for the
specific choice of parameters). We have not succeeded to do this however.
In [14], the model based on the bivariate Krawtchouk polynomials was
related to PST on graphs of the ordered Hamming scheme. This association
scheme generalizes the Hamming one to which the univariate Krawtchouk
polynomials are associated. It would be quite interesting to lift the results
obtained here to graphs of some scheme [2, 5, 7]. The dual-Hahn polynomials
are attached to the Johnson scheme [17]. It should be noted however that
while PST occurs in a spin chain based on the dual Hahn polynomials, no
lifts are possible to unweighted graphs of the Johnson scheme [1, 19] owing
to parameter incompatibility. Moreover to our knowledge no analogue of
the ordered Hamming scheme to which multivariate dual-Hahn would be
connected has been designed. We will leave these interesting questions to
future considerations.
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t = 0 t = pi
t = 2pi t = 3pi
Figure 1: The plot of the modulus of the transition amplitude |f(0,0),(i,j)(t)| when a =
53
3 , b =
34
3 , c =
1
6 and N = 6. The areas of the circles are proportional to |f(0,0),(i,j)(t)| at
the given lattice point (i, j). PST from (0, 0) to (0, 6) occurs at t = 3pi.
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t = 0 t =
pi
2
t = pi t =
3pi
2
t = 2pi
Figure 2: The plot of the modulus of the transition amplitude |f(0,0),(i,j)(t)| when a =
19, b = 232 , c =
1
4 and N = 6. The areas of the circles are proportional to |f(0,0),(i,j)(t)| at
the given lattice point (i, j). PST from (0, 0) to (0, 6) occurs at t = 2pi. Fractional revival
also occurs at t = pi.
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t = 0 t = pi
t = 2pi t = 3pi
Figure 3: The plot of the modulus of the transition amplitude |f(1,2),(i,j)(t)| when a =
53
3 , b =
34
3 , c =
1
6 and N = 6. The areas of the circles are proportional to |f(1,2),(i,j)(t)| at
the given lattice point (i, j). PST from (1, 2) to (1, 3) occurs at t = 3pi.
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